On curves covered by the Hermitian curve by Cossidente, A. et al.
ar
X
iv
:m
at
h/
98
03
02
9v
1 
 [m
ath
.A
G]
  9
 M
ar 
19
98
ON CURVES COVERED BY THE HERMITIAN CURVE
A. COSSIDENTE, G. KORCHMA´ROS, AND F. TORRES
Abstract. For each proper divisor d of (q − √q + 1), q being a square power of a
prime, maximal curves Fq-covered by the Hermitian curve of genus
1
2
(
q−
√
q+1
d
− 1)
are constructed.
1. Introduction
A maximal curve over a finite field Fq, is a projective geometrically irreducible non-
singular algebraic curve defined over Fq whose number of Fq-rational points attains the
Hasse-Weil upper bound
q + 1 + 2g
√
q ,
where g is the genus of the curve. These curves were studied in [R-Sti], [Sti-X],
[FT], [Geer-Vl1] (see also the references therein), [FGT], [FT1], [Geer-Vl2], [GT], and
[CHKT]. Maximal curves have been intensively studied also in connection with Coding
Theory in which such curves play an important role [Go].
The Hermitian curve H, namely the plane curve defined by
Y
√
qZ + Y Z
√
q = X
√
q+1 ,(1.1)
is a well-known example of a maximal curve over Fq. By a result of Lachaud [La,
Proposition 6], any non-singular curve Fq-covered by H is also maximal: indeed almost
all of the known maximal curves arise in this way. Lachaud’s result has pointed out two
fundamental (and still open) problems, namely the classification problem of maximal
curves covered by H and the existence problem of maximal curves not covered by H.
In this paper, we present a new infinite class of maximal curves Fq-covered by H,
which arises from a cyclic automorphism group of H of order (q−√q+1), and contains
a curve of genus 1
2
(
q−√q+1
d
−1) for each proper divisor d of (q−√q+1). The construction
together with some remarkable properties are given in Section 5 and Section 6. Since
the Fq-invariant linear series D := |(√q+1)P0| plays an important role in some current
research on maximal curves over Fq, we have computed its dimension and (D, P )-
orders for some points P . These curves are non-classical (for the canonical morphism)
whenever d ≤ (q − 2√q + 1)/(2√q − 1). Moreover, for small values of d, especially for
d = 3 (and
√
q ≡ 2 (mod 3)) our results are also related to recent investigations on
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maximal curves having many rational points, or equivalently, large genus with respect
to q. Such maximal curves are somewhat rare. However their classification is a difficult
task and still in progress. The first general result in this direction states that the genus
of a maximal curve over Fq is at most
√
q(
√
q−1)/2 with equality holding if and only if
the curve is Fq-isomorphic to the Hermitian curve, see [Ih], [R-Sti]. In [FT] it is proved
that no maximal curve over Fq has genus g with g ∈](√q−1)2/4,√q(√q−1)/2[, a result
conjectured in [Sti-X]. From [FGT, Theorem 3.1], the second largest genus of maximal
curves over Fq , q odd, is equal to (
√
q − 1)2/4, and such curves are Fq-isomorphic
to the Artin-Schreier curve y
√
q + y = x(
√
q+1)/2. For q even the second largest genus
is
√
q(
√
q − 2)/4, and it seems that curves having such a genus are also unique up
to Fq-isomorphism (cf. [AT]). Instead, the problem of determining the third large
genus seems to be much more involved and heavily dependent on certain arithmetical
behaviour of q as the list after Remark 6.5 suggests. From [FT1, Proposition 2.5],
the third large genus , for q odd, is at most (
√
q − 1)(√q − 2)/4. Good candidates
come from the known infinite classes of maximal curves Fq-covered by H, namely F2
and H3, where Ft is the Fermat curve x(
√
q+1)/t + y(
√
q+1)/t + 1 = 0 and Ht the Artin-
Schreier curve y
√
q + y = x(
√
q+1)/t, t being a proper divisor of (
√
q + 1). It is worth
mentioning that both F2 and H4 have genus (√q − 1)(√q − 3)/8, but they are not
Fq-isomorphic, [CHKT]. Also the curve Ht has been characterized via the type of
Weierstrass semigroups at Fq-rational points [FGT, Theorem 2.3]. We conjecture that
the candidate for the third largest genus in the case of
√
q ≡ 2 (mod 3) is the maximal
curve of genus (q − √q − 2)/6 described in Section 6. This emerges from Section 3
where maximal curves with dim(D) = 3 are investigated.
As in previous papers concerning maximal curves [FT], [FGT], [FT1], [GT], and
[CHKT] we have used Sto¨hr-Voloch’s approach to the Hasse-Weil bound to carry on
our research.
Conventions. The word curve means a projective geometrically irreducible algebraic
curve defined over a finite field Fq. For a curve X , X¯ denotes its nonsingular model
over Fq.
2. Background
In this section we collect some results concerning Weierstrass Point Theory, Frobe-
nius orders and maximal curves.
2.1. Weierstrass Point Theory and Frobenius orders. Here we recall relevant
material from Sto¨hr-Voloch’s [SV, §1,§2].
Let X be a nonsingular curve of genus g defined over F¯q equipped with the action
of the Frobenius morphism FrX over Fq, and let D be a grd on X . Suppose that D is
defined over Fq.
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Associated to D we have two divisors on X , namely the ramification divisor R = RD,
and the Fq-Frobenius divisor S = S
(D,q). These divisors provide a lot of geometrical
and arithmetical information on X . We recall that the set of Weierstrass points WX
of X is the support of RK, where K = KX is the canonical linear series on X .
For P ∈ X let us denote by ji(P ) = jDi (P ) the i-th (D, P )-order, by ǫi = ǫDi
the i-th D-order (i = 0, . . . , r), and by νi = nu(D,q)i the i-th Fq-Frobenius order of D
(i = 0, . . . , r−1). The following are the main properties of R and S. Set p := char(Fq).
1. deg(R) = (2g − 2)∑ri=0 ǫi + (r + 1)d;
2. ji(P ) ≥ ǫi for each i and each P ;
3. vP (R) ≥
∑r
i=0(ji(P )− ǫi) and equality holds iff det(
(
ji(P )
ǫj
)
) 6≡ 0 (mod p);
4. (νi) is a subsequence of (ǫi);
5. deg(S) = (2g − 2)∑r−1i=0 νi + (q + r)d;
6. For each i and for each P ∈ X (Fq), νi ≤ ji+1(P )− j1(P );
7. For each P ∈ X (Fq), vP (S) ≥
∑r−1
i=0 (ji+1(P ) − νi) and equality holds iff
det(
(
ji+1(P )
νj
)
) 6≡ 0 (mod p).
Therefore if P ∈ X (Fq), 6) and 7) imply
8. vP (S) ≥ rj1(P ).
Consequently from 5) and 8) we obtain the main result of [SV], namely
9. #X (Fq) ≤ deg(S)/r.
2.2. Maximal curves. We summarize some results from [FGT] and [FT1]. Let X be
a maximal curve over Fq. The key property on X is the following linear equivalence
[FGT, Cor. 1.2]
√
qP + FrX (P ) ∼ (√q + 1)P0 , P ∈ X , P0 ∈ X (Fq) .(2.1)
Hence, for P0 ∈ X (Fq), X is equipped with the Fq-invariant linear series
DX := |(√q + 1)P0| ,
so that dim(DX ) is independent of P0 ∈ X(Fq). We have that dim(DX ) ≥ 2 [Sti-X,
Prop. 1] (see also [FGT, Prop. 1.5(iv)]). Furthermore we have the
Lemma 2.1. Let X be a maximal curve of genus g over Fq. The following statements
are equivalent
1. X is Fq-isomorphic to the Hermitian curve (so that g = √q(√q − 1)/2);
2. g > (
√
q − 1)2/4;
3. dim(DX ) = 2.
Proof. See [R-Sti] and [FT1, Thm. 2.4].
Set n + 1 := dim(DX ), ji(P ) := jDXi (P ), ǫi := ǫDXi , νi := ν(DX ,q)i and denote by mi(P )
the i-th non-gap at P ∈ X . So from (2.1) and [FT1, §2.3], for each P ∈ X the following
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holds:
m0(P ) = 0 < m1(P ) < . . . < mn(P ) =
√
q .(2.2)
Moreover, mn+1(P ) =
√
q+1 if P ∈ X (Fq), andmn−1 = √q−1 if P 6∈ WX and n+1 ≥ 3
[FGT, Prop. 1.5(iv)(v)]. The main properties of the (DX , P )-orders, DX -orders and
Fq-Frobenius orders of DX are the following (see [FGT, §1], [FT1, §2.2]).
1. For each P ∈ X , j1(P ) = 1 so that ǫ1 = 1;
2. ǫn+1 = νn =
√
q;
3. If P ∈ X (Fq), then the (DX , P )-orders are √q + 1 −mi(P ) (i = 0, 1, . . . , n + 1)
so that vP (R
DX ≥ 1;
4. If P 6∈ X (Fq), then jn+1(P ) = √q and there exists I = I(P ) ∈ [1, n] such that
√
q −mn(P ) < . . . < √q −mn−I+1 < jI(P ) < √q −mn−I < . . . < √q −m0(P )
are the (DX , P )-orders.
5. In particular if P 6∈ WX , then m˜i = mi(P ) is independent of P ; hence √q− m˜i is
a D-order for i = 0, 1, . . . , n.
6. νi =
√
q − m˜n−i for i = 0, . . . , n, so that ν1 = 1 whenever n+ 1 ≥ 3.
3. On maximal curves with dim(DX ) = 3
Let X be a maximal curve over Fq of genus g. We keep the notations of the previous
section. To study X , by Lemma 2.1, we can assume that g ≤ (√q−1)2/4 or equivalently
that dim(DX ) ≥ 3. This section deals with the case dim(DX ) = 3. So the DX -orders
are ǫ0 = 0, ǫ1 = 1, ǫ2 and ǫ3 =
√
q, and the Fq-Frobenius orders of D are ν0 = 0, ν1 = 1
and ν2 =
√
q (cf. §2.2(1)(5)(6)).
We first state a sufficient condition to have dim(DX ) = 3 and to compute ǫ2.
Lemma 3.1. Let X be a maximal curve over Fq of genus g such that
(
√
q − 1)(√q − 2)/6 < g ≤ (√q − 1)2/4 .
Then
1. dim(DX ) = 3.
2. ǫ2 ≤ 3 and ǫ2 = 2 provided that p = char(Fq) 6= 3.
Proof. (1) Since
√
q,
√
q + 1 ∈ H(P ) for each P ∈ X (Fq), (see §2.2), DX is simple and
hence we can apply Castelnuovo’s genus bound for curves in projective spaces as given
in [FGT, p.34]: g satisfies
2g ≤
{
(q−n/2)2
n
if n is even ,
(q−n/2)2−1/4
n
otherwise ,
where n + 1 = dim(DX ). Therefore n + 1 ≥ 4 would imply g ≤ (q − 1)(q − 2)/6, a
contradiction. Then we have n+ 1 ≤ 3 and Lemma 2.1 implies n+ 1 = 3.
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(2) Let P ∈ X (Fq). By §2.1(7)(2), vP (S) ≥ j2(P ) + 1 ≥ ǫ2 + 1. This inequality, the
maximality of X and §2.1(5) imply
(
√
q + 1)(2g − 2) + (q + 3)(√q + 1) ≥ (ǫ2 + 1)[(√q + 1)2 +√q(2g − 2)] .(∗)
If ǫ2 ≥ 4, then we would have
(
√
q + 1)(q − 5√q − 2) ≥ (2g − 2)(4√q − 1) ,
and from the upper bound on g it follows that 0 > q − 2√q + 10, a contradiction.
Now ǫ2 = 3 implies
(
3
2
) ≡ 0 (mod p) by the p-adic criterion [SV, Cor. 1.9] and hence
p = 3. This finishes the proof of (2).
Remark 3.2. Here we show that the hypothesis on the genus in Lemma 3.1(1) is sharp
whenever
√
q ≡ 0 (mod 3).
Let q = pm with m even and 1 ≤ r ≤ m/2. van der Geer and van der Vlugt
[Geer-Vl1, Thm. 3.1], [Geer-Vl2, Remark 5.2] constructed a maximal curve X over Fq
of genus (pr− 1)√q/2, by considering fibre products of curves of type yp− y = ax√q+1
with a ∈ F∗q satisfying a
√
q + a = 0. It is not difficult to see that a plane model for X
is given by an equation of type
r∑
i=0
yp
i
1 = bx
√
q+1 ,
where b ∈ F∗q and b
√
q + b = 0 so that X is Fq-covered by the Hermitian curve. (The
case r = m/2 has worked out in [G-Sti, §V, Example E]).
Set D := DX and let P0 ∈ X (Fq) be the unique point over x = ∞. Now we can
apply the case “mn = ℓ” in [FT1] to show the following facts:
1. dim(D) = pm/2−r + 1;
2. The (D, P )-orders are as follows:
(i) 0,
√
q + 1− ipr, i = 0, 1, . . . , pm/2−r if P = P0;
(ii) 0, 1, . . . , pm/2−r and
√
q + 1 if P ∈ X (Fq) \ {P0};
(iii) 0, 1, . . . , pm/2−r and
√
q if P ∈ X \ X (Fq).
In particular, (putting p = 3 and r = m/2 − 1) there exists a maximal curve X of
genus
√
q(
√
q − 3)/6 such that dim(DX ) = 4. This shows the sharpness of the upper
bound for the genus in Lemma 3.1(1) for
√
q ≡ 0 (mod 3).
Remark 3.3. Let X be a maximal curve over Fq of genus g such that dim(DX ) = 3.
(1) If ǫ2=2, then §2.1(1), §2.2(3) and the maximality of X imply g ≥ (q−2√q+3)/6.
(2) If ǫ2 = 3, then relation (∗) in the proof of Lemma 3.1 implies
2g−2 ≤ (√q+1)(q−4√q−1)/(3√q−1). Notice that the upper bound on g in Lemma
3.1 is equivalent to 2g − 2 ≤ (√q + 1)(√q − 3)/2.
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Next we investigate the values of m1(P ) for P ∈ X (Fq) when dim(DX ) = 3. Notice
that m1(P ) ≥ √q/2 since 2m1(P ) ∈ H(P ) and m2(P ) = √q, and that g is bounded
from above by the genus of the semigroup 〈m1(P ),√q,√q+1〉. We have the following
result due to Fuhrmann (see also [Sel, §3.II]).
Lemma 3.4 (F,§A2). Let ℓ,m ∈ N such that m/2 ≤ ℓ < m. Let g˜ be the genus of the
semigroup 〈ℓ,m,m+ 1〉.
1. If ℓ 6∈ {⌊m+1
2
⌋, m− 1, ⌊2m+2
3
⌋, m− 2}, then
g˜ ≤


max ((m2 + 4)/8, (m2 + 3m)/10) if ℓ ≤ 3m/5 ,
(m2 − 5m+ 24)/6 if 3m/5 ≤ ℓ < ⌊2m+2
3
⌋ ,
(m2 − 7m+ 70)/6 if m ≡ 2 (mod 3) and
(2m+ 5)/3 ≤ ℓ ≤ m+ 1−√m+ 1 ,
(m2 − 5m+ 40)/6 if m ≡ 1 (mod 3) and
(2m+ 4)/3 ≤ ℓ ≤ m+ 1−√m+ 1 ,
(m2 − 3m+ 18)/6 if √q ≡ 0 (mod 3) and
(2m+ 3)/3 ≤ ℓ ≤ m+ 1−√m+ 1 ,
(m2 + 2m+ 9)/8 if m+ 1−√m+ 1 < ℓ < m− 2 .
2. If ℓ ∈ {⌊m+1
2
⌋, m− 1}, then g˜ = (m− 1)2/4.
3. If ℓ ∈ {⌊2m+2
3
⌋, m− 2, then
g˜ =
{
(m2 −m+ 4)/6 for m ≡ 2 (mod 3) ,
(m2 −m)/6 otherwise .
Corollary 3.5. Let X be maximal curve over Fq. Suppose that dim(DX ) = 3 and that
ǫ2 = 2. Then for P ∈ X (Fq) we have that
m1(P ) ∈ {⌊
√
q+1
2
⌋,√q − 1, ⌊2
√
q+2
3
⌋,√q − 2} .
Proof. The genus g of X is bounded from above by the genus of the semigroup
〈m1(P ),√q,√q + 1〉. Then the result follows by applying the lemma with m = √q
taking into consideration that g ≥ (q − 2√q + 3)/6 (Remark 3.3(1)).
Remark 3.6. Let X be a maximal curve over Fq and let P ∈ X (Fq).
(1) If q is odd and m1(P ) = (
√
q + 1)/2, then dim(DX ) = 3, ǫ2 = 2 and X is
Fq-isomorphic to the nonsingular model of y
√
q + y = x
√
q+1 [FGT, Thm. 2.3].
(2) If q is even andm1(P ) =
√
q/2, then dim(DX ) = 3, ǫ2 = 2 and X is Fq-isomorphic
to the nonsingular model of
∑t
i=0 y
√
q/2i = x
√
q+1,
√
q = 2t [AT].
Lemma 3.7. Let X be a maximal curve over Fq such that dim(DX ) = 3. Then there
exists P ∈ X (Fq) such that m1(P ) + ǫ2 = √q + 1.
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Proof. This follows from the proof of [FGT, Prop. 1.5(v)]; for the sake of completeness
we write a proof. By §2.2(3), for each P ∈ X (Fq), j2(P ) = √q+1−m1(P ) so it will be
enough to show that j2(P ) = ǫ2 for some Fq-rational point. Suppose that j2(P ) > ǫ2
for each P ∈ X (Fq) so that vP (RDX ) ≥ 2 (see §2.1(2)(3)). Using ǫ2 ≤ √q − 1 and the
maximality of X from §2.1(1) we have
2
√
q(2g − 2) + 4(√q + 1) ≥ 2√q(2g − 2) + 2(√q + 1)2 ,
i.e. 0 ≥ (√q + 1)(2√q − 2), a contradiction.
It follows immediately the
Corollary 3.8. Let X be a maximal curve over Fq with dim(DX ) = 3. Then the
number (
√
q − 2) (resp. (√q − 1)) is realized as a non-gap at a Fq-rational point of X
iff ǫ2 = 3 (resp. ǫ2 = 2).
Remark 3.9. From Remark 3.6, the number
√
q − 1 is always realized as a non-gap
at Fq-rational points of maximal curves. So far we do not know any example of a
maximal curve over Fq with dim(DX ) = 3 and having a Fq-rational point P with
m1(P ) ∈ {⌊2
√
q+2
3
⌋,√q − 2}.
Remark 3.10. If q is a square and
√
q ≡ 0 (mod 3), there exists a maximal curve X over
Fq whose genus is
√
q(
√
q−1)/6. Indeed this is a particular case of the maximal curves
constructed in [Geer-Vl2, Prop. 5.1]. From Lemma 3.1 it follows that dimDX = 3.
We finish this section giving a characterization of the set Supp(SX ). Let n + 1 =
dim(DX ), X being a maximal curve over Fq. Let P ∈ X \ X (Fq). From the proof of
[GT, Thm. 2.1] we see that P ∈ Supp(SDX )⇒ m1(P ) < √q − n + 1. As an scholium
of (loc. cit.), for n + 1 = 3 the converse also holds:
Lemma 3.11. Let X be a maximal curve over Fq with dim(X ) = 3. Then
Supp(SDX ) = X (Fq) ∪ {P ∈ X \ X (Fq) : m1(P ) < √q − 1} .
Proof. We already know that X (Fq)∪{P ∈ X \X (Fq) : m1(P ) < √q−1} ⊆ Supp(SDX )
by §2.1(8) and the remark stated before the lemma. Conversely let P ∈ X \ X (Fq)
with m1(P ) <
√
q − 1. Then the (D, P )-orders are j0 = 0, j1 = 1, j2 = q − m1(P )
and
√
q (see §2.2(4)). Let u, v, w ∈ F¯q(X ) such that j1P +D1 = div(u) + (√q + 1)P0
with P 6∈ Supp(D1); div(v) = Dv − m1(P )P with P 6∈ Supp(Dv) and div(w) =√
qP + FrX (P )− (√q + 1)P0 (cf. (2.1). Then
div(uv)+(
√
q+1)P0 = Du+j2(P )P+FrX (P ) and div(v)+(
√
q+1)P0 =
√
qP+FrX (P )
so, according to the proof of [SV, Thm. 1.1], FrX (P ) belongs to the tangent line
at P . This line is generated by π(P ) and (D1tπ)(P ), where π = (1 : u : uv : w),
D1tπ = (0 : D
1
tu : D
1
t (uv) : D
1
tw) and t is a local parameter at P . Since the Fq-orders
are 0, 1 and
√
q (see §2.2(6)) it follows that P ∈ Supp(SDX ).
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4. Plane models for the Hermitian curve
The aim of this section is to introduce two further plane models for the Hermitian
curve H defined by (1.1).
4.1. A plane singular model for p := char(Fq) ≥ 3. The Hermitian curve has a
cyclic automorphism ψ of order (q−√q+1). Using (1.1), this automorphism becomes
a linear collineation. Unfortunately, the associated matrix is not in diagonal form,
and the model (1.1) is not appropriate to investigate those properties of the Hermitian
curve which depend on ψ. This was recognized at first in [C], [CK], [CK1] in the study
of ψ-invariant arcs, or, equivalently, of arcs that are the complete intersection of two
Hermitian curves in a suitable mutual position. In [CK], a useful singular plane model
was considered for the Hermitian curve. Actually, this model arises from the algebraic
envelope of a ψ-invariant arc, via Segre’s fundamental theorem of k-arcs, see [Se], [H,
Thm. 10.4.3]. The same model allows us to determine the quotient curve with respect
to the automorphism ψ(q−
√
q+1)/d, for each proper divisor d of (q − √q + 1). These
curves are maximal and are investigated in §5. Here we limit ourselves to describe how
an equation for this model can be obtained. The starting point is the following lemma
which follows from the main result in [CK] and [R-Sti].
Lemma 4.1. The nonsingular model C¯ of the algebraic envelope C of a ψ-invariant
arc in P2(Fq), regarded as a curve of degree 2(
√
q + 1) in the dual plane of Fq, is
Fq-isomorphic to the Hermitian curve over Fq.
Let
α : P2(F¯q)→ P2(F¯q) , (x : y : z) 7→ (ax : aq+1y : z) ,
where a ∈ Fq3 is a primitive (q2 + q + 1)-th root of unity, and let
E := (1 : 1 : 1) .
Then the orbit of E under α is given by
Π = {(ai : a(q+1)i : 1) : i = 0, 1, . . . , q2 + q} .
Lemma 4.2 (CK, Prop. 1). The set Π is a projective subplane of P2(Fq3) lying in a
non-classical position, i.e. Π 6= P2(Fq).
Then Π = P(L2q) with Lq a field isomorphic to Fq. Now if C : F (X, Y, Z) = 0, with
F ∈ Fq[X, Y, Z], one writes the corresponding curve C′ over L¯q = F¯q3 as follows. Let
A1 := (1 : 0 : 0) , A2 := (0 : 1 : 0) , A3 := (0 : 0 : 1) ,
and choose three points A′1, A
′
2, A
′
3 ∈ Π such that A′1A′2A′3E is a non-degenerate quad-
rangle. Let
κ : P2(F¯q)→ P2(F¯q3)
CURVES COVERED BY THE HERMITIAN CURVE 9
be the projective map such that κ(Ai) = A
′
i (i = 1, 2, 3) and κ(E) = E. Then
C′ := κ(C). Let
β : P2(F¯q)→ P2(F¯q) , (x : y : z) 7→ (z : x : y) ,
and
γ : P2(F¯q)→ P2(F¯q) , (x : y : z) 7→ (xq : yq : zq) .
Lemma 4.3. 1. Π is the set of fixed points of β ◦ γ, i.e. β ◦ γ is the Frobenius
morphism in the new frame A′1A
′
2A
′
3E.
2. The curve C′ is defined over Lq iff β(C) = C.
Proof. (1) It is clear that Π is contained in the set of fixed points of β ◦ γ. Conversely
let P = (b : c : 1) be a fixed point of β ◦ γ; then (1 : bq : cq) = (b : c : 1) so that bcq = 1
and bq+1 = c. Then bq
2+b+1 = 1 and (1) follows.
(2) Let G = G(X ′, Y ′, Z ′) = 0 be the equation of C′, i.e. F = G ◦ κ (∗). Then C′ is
defined over Lq iff (G ◦ κ) ◦ (β ◦ γ) = Fr ◦ G ◦ κ where Fr is the Frobenius morphism
on P1(L¯q). So (2) follows from (∗) and the fact that C is defined over Fq.
Lemma 4.4. 1. The curve C′ in coordinates (X0, X1, X2) = k(X, Y, Z) is defined by
G(X0, X1, X2) =X
2
1X
2
√
q
2 +X
2
0X
2
√
q
1 +X
2
√
q
0 X
2
2 −
2(X
√
q+1
0 X
√
q
1 X2 +X
√
q
0 X1X
√
q+1
2 +X0X
√
q+1
1 X
√
q
2 ) = 0 .
(4.1)
2. The curve C′ is defined over Lq.
Proof. (1) See [CK, Prop. 6].
(2) We know that C is defined over Fq and that F = G◦κ. Then to apply Lemma 4.4
it is enough to show that G ◦κ ◦β = G ◦κ. This easily can be checked using (4.1).
Starting from (4.1) we can write an equation for C over Fq as follows. Let
A′1 = (a : a :
q+1: 1) A′2 = (1 : a : a
q+1) A′3 = (a
q+1 : 1 : a) ,
where a ∈ Fq3 is as above. Since a−q−1 = aq2 and a−1 = aq2+q, then A′2, A′3 ∈ Π. Let κ
be the projective map induced by the matrix
M =

 a 1 aq+1aq+1 a 1
1 aq+1 a

 .(4.2)
This map sends Ai to A
′
i for i = 1, 2, 3 and fixes E, and since (a+1)det(M) = a
2+a+1,
M is non-singular. Hence we have the main result of this subsection:
Proposition 4.5. A plane model over Fq for the Hermitian curve H is given by
H(X, Y, Z) = G(aX + Y + aq+1Z, aq+1X + aY + Z,X + aq+1Y + aZ) = 0 ,
with G defined in (4.1).
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4.2. A plane non-singular model over F√q3. It is well known that the Hermitian
curve H is projectively equivalent over Fq to the curve of equation
H(X, Y, Z) = X
√
q+1 + Y
√
q+1 + Z
√
q+1 .
Proposition 4.6. The Hermitian curve H is F√q3-isomorphic to the projective plane
curve C′ defined by
G(X0, X1, X2) = X
√
q
0 X2 +X
√
q
2 X1 +X
√
q
1 X0 .
We first prove the
Lemma 4.7. There exists a ∈ F√q3 satisfying the following properties:
1. a1 := a
q
√
q+
√
q + aq+
√
q+1 + a = 0;
2. a2 := a
q
√
q+q+
√
q+1 + a
√
q+1 + 1 = 0;
3. a3 := a
q
√
q+
√
q+1 + aq+1 + a
√
q 6= 0;
4. The matrix M in (4.2) is nonsingular.
Proof. We claim that a root a of the polynomial f(X) = X
√
q+1 +X + 1 satisfies the
lemma. In fact, from a
√
q+1 + a + 1 = 0 (∗) we have aq+√q + a√q + 1 = 0 (∗1) so
that aq+
√
q+1 + a
√
q+1 + a = 0 (∗2). From (∗) and (∗2), aq+√q+1 = 1 (∗3) so that
a
√
q3 = a (∗4), i.e. a ∈ F√q3 .
Now a1 = a
q
√
q+
√
q + aq+
√
q+1 + a = a1+
√
q + aq+
√
q+1 + a = 0 by (∗4) and (∗1);
a2 = a
q
√
q+q+
√
q+1 + a
√
q+1 + 1 = a + a
√
q+1 + 1 = 0, by (∗4), (∗3) and (∗).
To prove (3), from (∗4), (∗) and (∗3) we have a(a + 1)a3 = −(a2 + a + 1)2 and so
a3 = 0 iff a
2 + a + 1 = 0. Now f(X) has
√
q + 1 different roots; then, as
√
q + 1 ≥ 3,
we can pick a root a of f(X) such that a2 + a + 1 6= 0.
Statement (4) follows from the identity (a+1)3det(M) = (a2+a+1)3 and the proof
of (3).
Proof. (Proposition 4.6) Let a ∈ F√q3 be as in Lemma 4.7. We use the notations of
the preceding lemma. Let κ : P2(F¯q)→ P2(F¯√q3) be the projective map defined by M
in (4.2). Then κ−1(C′) is the projective plane curve defined by
G(aX + Y + aq+1Z, aq+1X + aY + Z,X + aq+1Y + aZ) = 0 .
After some computations we obtain
G(aX + Y + aq+1Z, aq+1X + aY + Z,X + aq+1Y + aZ) = a3H(X, Y, Z) +
a2H(X, Y, Z) + a1H(Y,X, Z)
and we are done.
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5. The case d divides (q-
√
q + 1)
Throughout this section we assume that q is a square power of an odd prime and
that d is a positive divisor of (q −√q + 1). The main result here is the
Theorem 5.1. Let q be a square power of an odd prime. Then for each positive divisor
d of (q −√q + 1) there exists a maximal curve over Fq of genus 12(
q−√q+1
d
− 1).
Remark 5.2. If
√
q ≡ r (mod d) and r2 − r + 1 ≡ 0 (mod d), then d is odd and
gcd(r, d) = 1. Then d = 3 iff r = 2 and if d > 3, then 6 divides φ(d), φ being the Euler
function. In particular, if d is prime, then d ≡ 1 (mod 6).
To prove the theorem we use the model C′ over Lq of the Hermitian curve H stated in
Lemma 4.4. We use the notations of subsection 4.1 and set x := X0/X2, y := X1/X2.
Then, according to (4.1), C′ is defined by the affine equation
y2 + x2y2
√
q + x2
√
q − 2(x√q+1y√q + x√qy + xy√q+1) = 0 .
We recall that C′ has three singular points, namely A1, A2 and A3, each of them being
a 2-fold point and the center of a quadratic branch Pi ∈ C¯′, i = 1, 2, 3 [CK, Prop. 8].
Moreover if t is a local parameter at P3, a primitive representation of P3 is given by
(loc. cit)
x = t2, y =
∞∑
i=0
t2
√
q+i(q−√q+1) .(5.1)
Since β leaves C′ invariant, maps A3 into A1, and A1 to A2 we obtain the following
primitive representations for P1 and P2 respectively:
x = t−2
√
q + . . . y = t−(2
√
q−2) + . . .
and
x = t2
√
q−2 + . . . y = t−2 + . . . .
Hence we have the
Lemma 5.3. The divisors of x, y ∈ L¯q(C¯′) are respectively:
div(x) = (2
√
q − 2)P2 + 2P3 − 2√qP1
and
div(y) = 2
√
qP3 − (2√q − 2)P1 − 2P2 .
In particular x, y ∈ Lq(C¯′).
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Next consider the morphism
π = (1 : xd : yd) : C¯′ → P2(L¯q) .
Since π(P ) = (teP (P ) : (tePxd)(P ) : (teP yd)(P )), where t is a local parameter at P and
eP := min (0, dvP (x), dvP (y)), vP being the valuation at P , from the previous lemma
we see that π is totally ramified at P1, P2 and P3. Set X ′ := π(C¯′).
Lemma 5.4. The induced morphism π¯ : C¯′ → X¯ ′ is a d-sheeted covering defined over
Lq which is ramified precisely at P1, P2 and P3. Moreover, π¯ is totally ramified at each
of these points.
Proof. The morphism π¯ is defined over Lq by Lemma 5.3. From (5.1) we see that P
′
3 ∈
X¯ ′ over π(A3) has a representation of type x′ = t2d and y′ = (
∑∞
i=0 t
2
√
q+i(q−√q+1))d.
Putting τ = td we see that P ′3 has a primitive representation of type
x′ = τ 2 y′ = τ 2
√
q + dτ 2
√
q+(q−√q+1)/d + . . . ,
showing that π¯ has degree d. Let P ∈ C¯′\{P1, P2, P3}, hence a point over (a : b : 1) ∈ C′
with a 6= 0 and b 6= 0. Then P has a primitive representation of type
x = a+ t y = b+ b1t + . . . ,
with b1 6= 0 so that a point P ′ ∈ X¯ ′ over π(a : b : 1) has a primitive representation of
type
x′ = ad + dt+ . . . y′ = bd + dbd−1b1t + . . . .
This shows that #π¯−1(π¯(P )) = d and the proof is complete.
Proof. (Theorem 5.1) We show that X¯ ′ above, satisfies the theorem. This curve is
maximal over Lq by Lemma 4.1, Lemma 4.4 and [La, Prop. 6]. To compute the
genus g of X¯ ′ we apply the Riemann-Hurwitz formula for π¯ : C¯′ → X¯ ′ taking into
consideration Lemma 5.4. We have
√
q(
√
q − 1)− 2 = d(2g − 2) + 3(d− 1) ,
which gives g = 1
2
(
q−√q+1
d
− 1).
Remark 5.5. In the above notations, we have a commutative diagram
H = C¯ κ−−−→ H = C¯′
π˜
y yπ¯
X¯ κ−−−→ X¯ ′
where X := κ−1(X ′) and π˜ is the morphism induced by κ−1 ◦ π ◦ κ. We have shown
indeed that X¯ ′ is a maximal curve over Lq ∼= Fq. A plane model for X is giving by
F (X, Y, Z) = F ′(aX + Y + aq+1Z, aq+1X + aY + Z,X + aq+1Y + aZ) = 0 ,
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where F ′(X0, X1, X2) = 0 is a minimal equation for X ′. As in the proof of Lemma 4.4,
we see that X is defined over Fq iff β(X ′) = X ′. For d = 3 and using another model
for H we are able to write down an explicit equation for X over Fq (see next section).
To conclude this section we state some remarks on the dimension of DX¯ ′ = (√q+1)P0
(cf. §2.2) and on Weierstrass semigroups at some points of X¯ ′. We keep the above
notations.
For i = 1, 2, 3, let P ′i ∈ X¯ ′ be the unique point over π(Ai) and let {Qi} := π¯−1(P ′i ).
Since π(A1) = A2, π(A2) = A3 and π(A3) = A1 and these points do not belong to
Π, then Q1, Q2 and Q3 are not Lq-rational. In addition, as p does not divide d, the
Weierstrass semigroups H(Qi) and H(P
′
i ) at Qi and P
′
i respectively are related to each
other as follows (see e.g. [T, proof of Lemma 3.4])
S := H(P ′i ) = {h/d : h ∈ H(Qi), h ≡ 0 (mod d)} .
Moreover, H(Qi) can be computed as follows [G-Vi, Thm. 2],
S˜ := H(Qi) =N \ {r√q + s+ 1 : r + s ≤ √q − 2}
= ∪
√
q−2
j=1 [j
√
q − (j − 1), j√q] ∪ {0, q − 2√q + 2, q − 2√q + 3, . . . } .
Hence from (2.2) we have the
Proposition 5.6. For the curve X¯ ′ above,
dim(DX¯ ′) = 1 + #{h > 0 : h ∈ S˜, h ≡ 0 (mod d), h ≤ d
√
q} .
Example 5.7. Let us consider the case d = 7, i.e. 7 | (q −√q + 1) (the case d = 3 is
discussed in the next section). By Remark 5.2,
√
q ≡ 3 (mod 7) or √q ≡ 5 (mod 7).
The positive elements of S˜ less than or equal to 7
√
q are
7
√
q − 6, 7√q − 5, 7√q − 4, 7√q − 3, 7√q − 2, 7√q − 1, 7√q
6
√
q − 5, 6√q − 4, 6√q − 3, 6√q − 2, 6√q − 1, 6√q
5
√
q − 4, 5√q − 3, 5√q − 2, 5√q − 1, 5√q
4
√
q − 3, 4√q − 2, 4√q − 1, 4√q
3
√
q − 2, 3√q − 1, 3√q
2
√
q − 1, 2√q
√
q .
So we have:
(1) If
√
q ≡ 3 (mod 7), then 7√q, 6√q− 4, 5√q− 1 and 3√q− 2 are the elements of
S˜ which are ≤ 7√q and ≡ 0 (mod 7). Thus if √q = 3, then dimX¯ = 4, and if √q > 3,
then dim(X¯ ) = 5.
(2) If
√
q ≡ 5 (mod 7), then 7√q, 6√q− 2, 5√q− 4 and 3√q− 1 are the elements of
S˜ which are ≤ 7√q and ≡ 0 (mod 7). Then dim(X¯ ) = 5.
Notice that the (DX¯ , P ′i )-orders can be computed by means of §2.2(4).
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6. The case 3 divides (q-
√
q + 1)
Throughout this section we let 3 be a divisor of (q − √q + 1), or equivalently let√
q ≡ 2 (mod 3). We keep the notations of section 4. To construct a curve X¯ over Fq
of genus (q−√q−2)/6, we use the equation for C′ = C¯′ over F√q3 given in Proposition
4.6. The construction is similar to the one given in §5 but we work in any characteristic
and we shall write down an explicit equation for X .
Let X ′ be the curve in P2(F¯q) defined by
F ′(X0, X1, X2) := G(X0, X1, X2)− 3(X0X1X2)
√
q+1
3
= X
√
q
0 X2 +X
√
q
2 X1 +X
√
q
1 X0 − 3(X0X1X2)
√
q+1
3 .
(6.1)
and consider the projective morphism
π = (X30 : X
3
1 : X
3
2 ) : C′ = C¯′ → P2(F¯q) .
Lemma 6.1. 1. The curve X ′ is geometrically irreducible.
2. π(C′) = X ′.
3. Let x := X0/X2, y := X1/X2 ∈ F¯√q3(C′). Then
div(x) = (
√
q − 1)A2 + A3 −√qA1
and
div(y) =
√
qA3 − (√q − 1)A1 −A2 .
4. The morphism π induces a 3-sheeted covering π¯ : C′ → X¯ ′ ramified only at A1,
A2 and A3. Moreover π¯ is totally ramified at each of these points.
5. The genus of X¯ ′ is 1
2
(
q−√q+1
3
− 1).
Proof. (1) Each fundamental line Xi = 0 (i = 0, 1, 2) meets X ′ in only two points.
Assume X ′1 be a component of X ′. Clearly X ′1 must meet each fundamental line in at
least one point. This implies that at least two points in the set S := {A1, A2, A3} lie
on X ′1. If we would had a further component X ′2 of X ′, then this component would also
pass through two points of S and one of these points certainly be a common point of
X ′1 and X ′2. Then a point of S would be a singular point of X ′ which is not the case,
as a direct computation shows.
(2) From the identity
a3 + b3 + c3 − 3abc = (a + b+ c)(ǫ2a+ b+ ǫc)(ǫa + b+ ǫ2c) ,
where ǫ is a primitive 3-th root of unity, we have that
F ′(X30 , X
3
1 , X
3
2 ) = G(X0, X1, X2)G(ǫX0, ǫX1, X2)G(X0, X1, ǫX2) .
This and (1) implies (2).
(3) Similar to the proof of Lemma 5.3.
(4) Similar to the proof of Lemma 5.4.
CURVES COVERED BY THE HERMITIAN CURVE 15
(5) Follows from (4) and the Riemann-Hurwitz formula applied to π¯.
Consider the following commutative diagram
H κ−−−→ C′ = C¯′
π˜
y yπ¯
X¯ κ−−−→ X¯ ′
where X := κ−1(X ′) and π˜ is the morphism induced by κ−1 ◦ π ◦ κ. Now we can state
the main result of this section.
Theorem 6.2. The curve X¯ above is a maximal curve over Fq of genus (q−√q−2)/6.
A plane model over Fq for X is given by
F (X, Y, Z) = cF ′(aX + Y + a
√
q+1Z, aq+1X + aY + Z,X + aq+1Y + aZ) = 0 ,(6.2)
where a ∈ F√q3 satisfies Lemma 4.7, c ∈ Fq3 such that c
√
q−1 = a, and F ′(X0, X1, X2)
is the polynomial in (6.1).
Proof. The statement on the genus follows from Lemma 6.1(5) and the diagram above.
To see that X¯ is maximal, by [La, Proposition 6], it is enough to show that X is defined
over Fq. Let G
′ be a minimal equation of X so that
G′(X, Y, Z) := F ′(aX + Y + aq+1Z, aq+1X + aY + Z,X + aq+1Y + aZ) = 0 .
Note that F ′(X0, X1, X2) ∈ Fq[X0, X1, X2] and that F ′(X0, X1, X2) = F ′(X2, X0, X1),
i.e. β(X ′) = X ′). Using these facts we obtain
G′(X, Y, Z)q =F ′(aqXq + Y q + aq
2+qZq, aq
2+qXq + aqY q + Zq, Xq + aq
2+qY q + aqZq)
=F ′(Xq + aq
2+qY q + aqZq, aqXq + Y q + aq
2+qZq, aq
2+qXq + aqY q + Zq) .
Now from aq+
√
q+1 = 1 (cf. proof of Lemma 4.7) we get aq
2+q+1 = 1 and since
F ′(X0, X1, X2) is a homogeneous polynomial of degree
√
q + 1 we have that
G′(X, Y, Z)q = a−(
√
q+1)G′(Xq, Y q, Zq) .
Then X can also be defined by
F (X, Y, Z) := cG′(X, Y, Z) with c
√
q−1 = a ,
(so that c ∈ Fq3 as aq2+q+1 = 1), and since F (X, Y, Z)q = F (Xq, Y q, Zq) we are
done.
Next we investigate the linear system DX¯ := |(√q + 1)P0| (cf. §2.2). For i = 1, 2, 3,
let P ′i ∈ X¯ ′ be the unique point over π(Ai) and let Pi := κ−1(P ′i ) ∈ X¯ . We notice that
Pi 6∈ X¯ (Fq) because π(Ai) ∈ {A1, A2, A3} and the coordinates of κ−1(Ai) do not belong
to Fq.
Lemma 6.3. The first two positive Weierstrass non-gaps at Pi above (i = 1, 2, 3) are
(2
√
q − 1)/3 and √q.
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Proof. Is a particular case of the discussion after Remark 5.5.
Proposition 6.4. Let X¯ be the maximal curve over Fq of Theorem 6.2. Then
1. dim(DX¯ ) = 3.
2. The (DX¯ , P )-orders are:
(i) 0, 1, 2 and
√
q + 1 if P ∈ X¯ (Fq;
(ii) 0, 1, (
√
q + 1)/3 and
√
q if P ∈ {P1, P2, P3};
(iii) 0, 1, 2 and
√
q if P ∈ X¯ \ (X¯ (Fq) ∪ {P1, P2, P3}).
Proof. Set D := DX¯ .
(1) It follows from Lemma 3.1(1) (or from Prop. 5.6 with d = 3).
(2) The D-orders are 0, 1, 2 and √q by Lemma 3.1(2). From Lemma 6.3 and
§2.2(1)(4) for each Pi (i = 1, 2, 3) the (D, Pi)-orders are 0, 1, (√q+1)/3 and √q. Hence
from §2.1(3), it follows that vPi(RD) = (
√
q − 5)/3. Now, using g = (q − √q − 2)/6
and the maximality of X¯ we obtain
deg(RD)− 3(√q − 5)/3 = #X¯ (Fq) .
Then (2) follows by taking into consideration that j3(P ) =
√
q + 1 at each Fq-rational
point (cf. §2.2(3)).
Remark 6.5. We can describe DX¯ via hyperplane sections on a certain curve. Indeed,
consider the morphism
ϕ = (1 : x3 : y3 : xy) : C′ → P3(F¯√q3)
with x = X0/X2, y = X1/X2 ∈ F¯√q3(C′) satisfying x
√
q + y+ xy
√
q = 0. Let Y := ϕ(C′)
and let Pr denotes the projection of P3(F¯q) \ {(0 : 0 : 0 : 1) from the point (0 : 0 : 0 : 1)
on the plane P2(Fq) ∼= {(x : y : z : 0) : (x : y : z) ∈ P2(F¯q)}. Then arguing as in Lemma
5.4 one can show that
(i) X ′ = Pr(Y);
(ii) D = (κ−1 ◦ Pr)∗(DX¯ ),
where D cuts Y by hyperplanes of P3(F¯√q3).
So far we have the following maximal curves X over Fq such that dim(DX ) = 3:
1. The non-singular model of y
√
q+ y = x(
√
q+1)/2, q odd, whose genus is (
√
q−1)2/4
(cf. Remark 3.6(1));
2. The non-singular model of
∑t
i=0 y
√
q/2i = x
√
q+1, q = 2t, whose genus is√
q(
√
q − 2)/4 (cf. Remark 3.6(2);
3. A maximal curve of genus
√
q(
√
q − 1)/6, √q ≡ 0 (mod 3), (cf. Remark 3.10).
4. A maximal curve of genus (q −√q − 2)/6 (cf. Theorem 6.2).
A natural question then is the following:
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Question. Are all the maximal curves X over Fq (up to Fq-isomorphism) with
dim(DX ) = 3 listed above ?
Remark 6.6. Connection between maximal curves and non-classical curves have been
noticed in [FGT, Prop. 1.7]. More precisely, a maximal curve over Fq of genus g is
non-classical provided that g ≥ √q − 1. Hence the examples obtained here are non-
classical for d ≤ (q−√q + 1)/(2√q− 1). Most of the known examples of non-classical
curves are Artin-Schreier extensions of rational function fields, with genus a multiple
of the characteristic [Sch], [G-Vi]. Thus the maximal curves obtained here are in fact
new examples of non-classical curves.
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